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LOWER BOUNDS FOR THE DISCREPANCY
OF INVERSIVE CONGRUENTIAL PSEUDORANDOM NUMBERS

HARALD NIEDERREITER

ABSTRACT. The inversive congruential method is a uniform pseudorandom
number generator which was introduced recently. For a prime modulus p the

discrepancy D‘(,k) of k-tuples of successive pseudorandom numbers generated

by this method determines the statistical independence properties of these pseu-
dorandom numbers. It was shown earlier by the author that

D = 0(p™(logp)) for2<k<p.
Here it is proved that this bound is essentially best possible. In fact, for a
positive proportion of the admissible parameters in the inversive congruential

method the discrepancy D‘(,k) is at least of the order of magnitude p_l/ 2 for
all k>2.

1. INTRODUCTION AND STATEMENT OF RESULTS

The well-known deficiencies of the linear congruential method for the gener-
ation of uniform pseudorandom numbers, such as the relatively coarse lattice
structure of linear congruential pseudorandom numbers, have prompted recent
efforts at devising methods with more favorable properties. One way of break-
ing up the lattice structure is to use a congruential method with a nonlinear
recursion. A particularly attractive method of this type is based on achieving
nonlinearity by employing the operation of multiplicative inversion with re-
spect to a prime modulus. This inversive congruential method was introduced
by Eichenauer and Lehn [2].

For an arbitrary finite field F, with ¢ elements, let F, q* be the multiplicative
group of nonzero elements of Fq. For c€ F ; let ¢ denote the inverse of ¢
in the group Fq* , and for 0 € F, put 0 = 0. The group Fq* is cyclic, and a
generator of this group is called a primitive element of F, .- A monic polynomial
over F, of degree d > 1 is called a primitive polynomial over F, if it has a
primitive element of the extension field F 4 asaroot. We refer to [4, Chapter
3] for information on primitive polynomials. We note, in particular, that a
primitive polynomial over F p is always irreducible over Fq.
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We can now describe the inversive congruential method. For a prime p > §
we consider the finite field F, which we can also identify with the set F, =

{0,1,..., p—1} of integers. Choose a, b € Fp in such a way that x’—bx+a
is a primitive polynomial over Fp. Then we generate a sequence Y, J,, ---
of elements of F, by the recursion

(1) Vo1 =—ay,+bmodp forn=0,1,

The numbers x, = y,/p, n = 0,1,..., in the interval [0, 1) are called
inversive congruentzal pseudorandom numbers In practice, p is taken to be a
large prime such as p = 23

It was shown in [2] that the sequence ), y,,... (and thus the sequence
Xg, X;, ... ) is purely periodic with period length p and that {y,,y,,...,
yp_l} = F,. From the work of Eichenauer, Grothe, and Lehn [1] and the
author [7] it follows that inversive congruential pseudorandom numbers pass
the k-dimensional lattice test for all dimensions k& < (p +1)/2.

The behavior of these pseudorandom numbers under the k-dimensional se-
rial test was investigated in [8]. We recall that this test amounts to considering
the discrepancy of k-tuples of successive pseudorandom numbers. For N ar-
bitrary points t;, t,, ..., ty_, €[0, l)k , k> 1, we define the discrepancy

Dy(ty, t,, ..., ty_ )= s3p|FN(J) -VJ)|,

where the supremum is extended over all subintervals J of [0, l)k , Fy(J) 1s
N~! times the number of terms among t,,t,,...,t,_, falling into J, and
V(J) denotes the k-dimensional volume of J. If x,, x,,... is a sequence
of inversive congruential pseudorandom numbers with modulus p, then we
consider the points

X, = (X, > Xy s s Xpagy) €10, DS forn=0,1,...,p-1,
and we write
Dgc) = Dp(xo, X5 e xp_l)
for their discrepancy. It was proved in [8] that Dl(,k) O(p - 2(logp) ) for

2 < k < p, where the implied constant is absolute. In the following we establish
lower bounds for D;k) which show that the upper bound is essentially best
possible. We let ¢ be Euler’s totient function and w(m) be the number of
different prime factors of a positive integer m .

Theorem 1. For any prime p > 5 there are at least ¢(p + 1) primitive polyno-
mials x* —bx+a over F, such that for the corresponding inversive congruential
pseudorandom numbers we have

(k) 1

1 -3/5 S
N >2n+4(p —-2p 7Y forallk >2.
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Theorem 2. Let p > 5 be a prime, and let 0 <t < 1. Then there are more than
Ap(t)¢>(p2 — 1)/2 primitive polynomials x2 —bx+a over F, such that for the
corresponding inversive congruential pseudorandom numbers we have

(k) t —1/2
>
D, >2n+4p forallk > 2,

where
(1-2)p— (p'? + 227"
(4—t2)p+4p'/2+1 '
These results demonstrate that for any p there exist parameters in the inver-
sive congruential method such that Dl(,k) is at least of the order of magnitude

p_l/2 for all k > 2. Therefore, the upper bound DLk) = O(p_'/?'(logp)k) is in
general best possible up to the logarithmic factor. The fact that Dl(,k) can be as

large as p~ '/2 in order of magnitude shows that there is a considerable amount
of irregularity in the sequence of pseudorandom numbers, a feature which can
be advantageous for various simulation purposes. In ‘contrast, for the linear
congruential method with prime modulus p, it is known by the results of [5,
6] that, on the average, the k-dimensional discrepancy over the full period is at
most of the order of magnitude p_1 times a logarithmic factor, and so there is
substantially less irregularity in this case.

Theorem 2 gives more precise information in the following sense. We note,
first of all, that it follows from well-known results of number theory [3, pp. 260,
359] that 2“" = O(m°) for every & > 0 (see also the proof of Lemma 5 for
an elementary effective bound). Thus, for fixed ¢ we have
2

4,(1) =

lim 4 (1) = L=

>0.
p—oo P 4-¢

Furthermore, the total number of primitive polynomials over Fp of degree 2

is given by (}S(p2 —1)/2 according to [4, Theorems 3.5 and 3.16]. Therefore,
Theorem 2 says that for large p there is a positive proportion of the admissible
parameter sets in the inversive congruential method for which Dl(,k) is at least

of the order of magnitude p“'/ % for all k >2.

To understand the proofs of our theorems it may be helpful to remark that
if x>’—bx+aisa primitive polynomial over F e then a must be a primitive
element of F p To see this, note that this primitive quadratic polynomial has a

primitive element a of F ;2 asaroot, hence the polynomial has the factorization

x?—bx+a = (x —a)x —a’). This implies a = a’*', and since o’*' has

order ¢ — 1 in the group F q*z , this yields the desired conclusion. We note also
that b # 0, for otherwise a +a? = 0, hence o>~ "
being a primitive element of F e

In §2 we show several auxiliary results, some of which may be of independent
interest. The proof of Theorems 1 and 2 is completed in §3.

=1, a contradiction to «
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2. AUXILIARY RESULTS

We write e(u) = ¢ for real u and u-v for the standard inner product of
k
u, veR".

Lemma 1. Let t,,t,,...,ty,_, € [0, l)k, k > 1, with discrepancy D, =
Dy(ty, t,, ..., ty_,). Then for any nonzero h= (h,, ..., h,) € Z¥ we have
N—1
2 n+1 1
. < Z
'ge(h t,)| < = (( 5 ) 2m)ND J]_—I]max(l 20h,)),

where m is the number of nonzero coordinates of h.

Proof. Like any complex number, the sum in question can be represented in
the form

N—1 N-1
> e(h-t,)=e(0)|)_ e(h-t,)
n=0 n=0

for some real 6. Therefore,

N-1 N-1
> e(h-t)|=> e(h-t,—0),
n=0 n=0

and taking real parts we get

N-1
Z eh-t,)
n=0

The desired bound follows now from an inequality in [6, p. 64, last para-
graph]. O

N-
Z cos2n(h-t, —6).

For a nontrivial additive character y of F , and for ae F ; , we define the
character sum

(2) K(x.a) =Y x(c+av).
L‘EFq

By changing ¢ into —c in the summation, we see that K(y, a) is always real.
Note that y(c+d) = x(c)x(d) forall ¢, d € F, by the definition of an additive
character, and that }- . x(c) =0 by [4, p. 192].

q

Lemma 2. For any nontrivial x we have 3 .- K(x, a)? =g
q
Proof. We have

S K(x.a)'= Y Y xlc+d+a@+d)

acF; aeF;] c,deF,

Y x(c+d) > x(ac+d

c,deF, a€F;
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The inner sum is equal to —1 if E+Zi_760 and equal to ¢ — 1 if t+d=0,
ie,if c+d=0. Thus,

Y K(x.a)=(@-1g- Y. x(c+d)
aeF c,d€F,
c+d;£0

=(q-1)g- Z x(c+d)+q=q2. ]
c,dGFq

For a nontrivial multiplicative character ¥ of F . we define the Gaussian
sum

Gw,x)= Y w(e)x(e)

cqu

and the Jacobi sum

=Y w(c(l-c),

cEF,

where we use the convention w(0) = 0. The conjugate character y/‘1 of v is
defined by yf‘(c) = y(C) for c € F,. Note that w(cd) = y(c)w(d) forall c,
deF , by the definition of a multiplicative character, and that }_ . w(c) =0

by [4, p. 205].

Lemma 3. For any nontrivial x and y we have

3 xe+dy T @+d) =Gy, NI (W) +2).

c,d€F,

Proof. For ¢, d € F, we have

—1 .
N B (c+d)y(cd) ifcd#0,
v (c+d)_{w(c)+t//(d) if cd = 0.

Therefore,

3 xle+dy '@ +d)

c,d€F,

=26y, 1)+ Y xlc+dy  (c+d)y(cd)
c,dqu‘

—26(y. 0+ Y xle+d e+ dwled).

c,d€F,
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With the substitution ¢+ d = f we get
> xle+dw (c+d)y(cd)

c,d€F,

= 3 xOv Owle - o)
¢, f€F,

= > xS wlelf - o)
fGFq‘ CGFq

= Y xOv T O Y wieff -cf)
feF; cEF,

= Z x(NHw(f) Z vic(l-¢)=Gw, x)J(w). O
feF; cEF,

The group of multiplicative characters of F p is isomorphic to F q* and hence
cyclic of order ¢ — 1. For a positive divisor m of ¢g—1,let H (m) be the set
of characters of order m in this character group. Let P, be the set of primitive
elements of F, . Furthermore, we write u for the Moebius function and -
for a sum over the positive divisors m of a positive integer n.

mn

Lemma 4. For any nontrivial y we have

1 qg-—1
S K(x, a)—( l)q2 )Z”m)
ack, ey
S G, 0 W) +2).
yEH, (m)

Proof. By a result in [4, p. 258] we have for a € Fq*

y(a) = :
i) @ )vlqu(m) 0 ifag¢gPp,.
Therefore,
-1
Yo K(x.a)’=) &q_l—) ¢( Z wa) | K(x, a)’
ac?, aere \ 171 i@y oM

=¢2‘1_‘11) L) S Sy, @)

m{(g—1) o(m) YEH, (m)acF;
¢(q—1) 2, ¢lg-1)
1 9 + q-1
m
Z”m > Y w@kK(x, a),
ml(g—1) veH,(m)acF;

m>1
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where we have split off the contribution for m = 1 and used Lemma 2. Fur-
thermore, for any nontrivial y we get

S w@K(x,a)’ =Y wia) Y. xc+d+aE+d)

aqu‘ aqu‘ c,d€F,

= ¥ xle+d) Y wa)xae+d))
c,d€F, acF;

= Y xle+d) Y w@+ Y. xlc+d) Y w(@xlac+4d)
c,d€F, acF; c,dEeF, acF;
¢+d=0 T+d#0

= Y xc+d) Y vy ©+d)x(a)
¢,d€F, acF;
T+d#0

=G, Y ae+dy 'C+d) =Gy, 0 (J(w)+2),

c,dGFq

where we used Lemma 3 in the last step. O

Lemma S. For any nontrivial x there exists an a € P, with |K(x, a)| > ql/2 -
2q2/ 5.
Proof. We note that for nontrivial ¥ and y we have |G(y, x)| = ql/ 2 by [4,

Theorem 5.11]and |J(y)| < ql/2 by [4, Theorem 5.22]. Using also card(Hq(m))
= ¢(m), from Lemma 4 we obtain

S Koo)' > 220 - 2D 5 uimia(e +2)

acp, ml(g—1)

m>1
M=ot 202D +2) 3 fulm)).

m|(g—1)

>

The last sum is easily seen to be 2°“"" | hence

—_ 1 1/2 w 1
ackh,

We claim that for every positive integer m we have 2°™ < (2.4)m™**" . This is
trivial for m=1. For m > 1,let m = pf‘ pf' be the canonical factorization
of m. Then

r r
w(m) _ 4r _  (log2)/log7 2 0.357 2
2 =2=m H e;(log2)/ log 7 <m H (log2)/Tog 7 *
Jj=1 17,- j=1 pj
In the last product the factors are <1 for primes p, > 7, hence
J

H@(m) 8 0.357

0.357
3O(|og 2)/log7 .

< 24)m
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Together with (3) we get

S K(rea) > 22 g 240" 1 2)).

If g < 210 , then the result of Lemma 5 is trivial since the lower bound is
negative. Thus, we can assume g > 2'" in the rest of the proof. Then

4q1/10 _ (2.4)(10.057(1 + 2q—-1/2) > 4q1/1o —(2.55)g 0.057
>8-(2.552"" > 4,

hence
q- (2‘4)q0'357( 1/2 +2)> (g 12 _ 2q2/5)2,
and so
-1
S K(x,a) > ﬂg—_—l)ﬁw‘” 24" > ¢(q - 1)(¢"> - 24"7).
aqu

Since card(P)) = ¢(q — 1), the desired result follows. O

Lemma 6. Let y be nontrivial, and let 0 < t < 1. Then there are more than
Aq(t)¢(q — 1) values of a € Pq for which |K(x, a)| > tql/z, where

(1= g —(g" +2)2"7Y
(4-H)g+4¢"7 +1
Proof. We can assume that A .0 20, for otherwise the result is trivial. We

A,(0) =

proceed by contradiction and suppose that |K(x, a)| > tq'/ 2 holds for at most
Aq(t)d)(q — 1) values of a € P,. Then IK(x, a)| < tql/2 holds for at least
(1-4,(2)#(qg—1) valuesof a € P Now we note that the sum K(yx, a) differs
from a Kloosterman sum [4, Deﬁnmon 5.42] only in one respect, namely that
in (2) we also take into account the contribution from ¢ = 0 € F,. Since this
contribution is equal to 1, it follows from a classical bound for Kloosterman
sums [4, Theorem 5.45] that

|K(x,a)| < 2¢"*+1 forall aqu*.

Therefore, we obtain

ZP K(x,a)’ <(1-4,(0)(a - DEq+ A4,(0d(q - 1)(2¢" + 1)
ac P
— ¢( _ 1)( (ql/z +2)2w(q—l))

¢(q~1)2 dlg-=1) 12 w(g—1)
71 o q(q " +2)2 ,

which is a contradiction to (3). 0O
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3. PROOF OF THEOREMS | AND 2
First we apply Lemma 1 with k >2, N=p, t, =x, for 0<n<p-1,
and h=(1, —1,0, ..., 0) € Z*. This yields

p—1

Ze(h “X,)| -
n=0

(k)
pD,

>
—2n+4

Next we observe that from (1) we get

p—1 p—1 -
S elhx,)| = |3 e, = x| = Z (50, m))l
n=0 n=0 n=0
p—1 1 p—1 1
= e (—(y,, +ay, - b))' =D e (—(y,, + af,,))
n=0 p n=0 p
Let x be the nontrivial additive character of F, given by x(c) = e(c/p) for
¢ € F,. Then, since Yy, ¥y, ..., ¥, runthrough F ,a comparison with (2)
shows that
p—1
Y e(h-x,) = |K(x,a)l,
n=0
and so
(4) pD® > IK(x,a)| forallk>2.

,,_2+4

Therefore, if the primitive polynomial x> = bx +a over F, is chosen in such
a way that for the primitive element a € F, we have the lower bound for
|K(x, a)| in Lemma 5 (with g = p), then from (4) we obtain the lower bound
for D‘(,k) in Theorem 1. Similarly, the lower bound for |K(x, a)] in Lemma
6 (with ¢ = p) yields the lower bound for Dl(,k) in Theorem 2. To prove
Theorems 1 and 2 in their full extent, it remains to determine for each given
primitive element a € Fp the number of primitive polynomials over Fp of the

form x? —bx +a. This is done in the following lemma for any finite field F e

Lemma 7. For any primitive element a € F v there are exactly ¢(q2— 1)/2¢(qg—1)
primitive polynomials over F . of the form xX—bx+a.

Proof. As we noted in §1, if x> —bx+ais primitive over F_, then for some
q

primitive element o € F 2 we have x’ — bx +a = (x — a)(x — a), hence

1 . L. . .
a?"! = a. Since the primitive elements a and o determine the same prim-

itive polynomial x> —bx+a , it follows that the desired number of primitive
polynomials is given by %S(a) , where S(a) is the number of primitive elements

a € Fp with o' = a. Forany 4 € F)» we write ord(4) for the order of 1
in the group F q*z . Since ord(a) =g -1 and F q*z is cyclic, we have a = g4*!
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for some g € F q*z . Let y be a fixed primitive element of F R then 8 = yh for
some integer 4. Now

Cged(g® -1, (g + Dh)’
thus gcd(qz—1,(q+l)h)=q+l,andso ged(g—1,h)=1. For /Iqu*z we

have 2%*' = g if and only if (18)?"' = 1, which holds precisely if 1§ = """
for some integer j. Thus the elements A € F q*z with 29" = g are exactly those

2
g — 1 =ord(a) = ord(y"**"") g -1

of the form A = yh+("_”j , where £ is fixed and j varies. Consequently, S(a) is
equal to the number of integers j mod (g+1) with gcd(q2—1 ,h+(g-1)j)=1.
Since ged(qg — 1, A) = 1, we have gcd(q2 —1,h+(g—1)j)=1 if and only if
ged(g+1,h+(g-1)j)=1.

First let ¢ be even. Then gcd(g+ 1,9 — 1) = 1, and so for every integer
m mod (¢ + 1) with ged(g + 1, m) = 1 we can solve the congruence /4 +
(g —1)j = m mod (¢ + 1) uniquely for j mod (¢ + 1). Therefore, S(a) =
$la+1)=¢(a" - 1)/¢(a—1).

Now let ¢ be odd, hence gcd(q + 1,9 — 1) = 2. For every integer m
mod (g + 1) with ged(g + 1, m) = 1 consider the congruence 2+ (¢ — 1)j =
mmod (¢ + 1), or equivalently (g — 1)j = m — h mod(qg + 1). Since
ged(g+ 1, m) =ged(g — 1, h) = 1, both m and A& are odd, and so the last
congruence has exactly two solutions j mod (¢ + 1) for every choice of m.
Therefore S(a) =2¢(q+ 1) =d(¢° — 1)/¢p(g—1). O

It follows from Lemma 7 and the preceding discussion that in Theorem 1
we get at least _¢(p2 —1)/2¢(p — 1) = ¢(p + 1) suitable primitive polynomials.
Similarly, together with Lemma 6, we see that in Theorem 2 we get more than

o’ -1 (-1
A, - I)W—_—l—) =4,()——>—

suitable primitive polynomials.
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